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Abstract
A comprehensive modeling approach is proposed for the dynamic simulation
and operation optimization of batch diafiltration processes. We provide a
unified technology for water utilization control that addresses generality ver-
sus special cases. A rigorous dynamical model of the diafiltration process
with concentration-dependent rejections of solutes is developed. We deter-
mine the optimal time-dependent profile of the diluant flow for the entire
process using dynamic optimization methods. The results show that optimal
process operation needs not to be any of the conventional diafiltration con-
cepts. The presented optimization technique is a useful tool for improving
the performance of a membrane diafiltration process.
Keywords: membrane filtration, diafiltration, mathematical modeling,
dynamic optimization
1. Introduction
Membrane filtration processes are usually designed to fulfill dual objec-
tives: (1) to separate certain solutes from the process liquor and (2) to con-
centrate the purified solution in order to obtain a final product. We examine
a batch diafiltration process that meets these simultaneous objectives.
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There is no exact and uniform definition for the term diafiltration. In-
deed, the terminology currently being used is conflicting. In this paper, we
use the term diafiltration in its broad sense referring to the actual technolog-
ical goal. Thus, diafiltration is a membrane-assisted process that is designed
to achieve the twin-objectives of concentrating and purifying a multi-solute
system according to a specific wash-water utilization strategy. In this con-
text, batch diafiltration is a complex process that may involve a sequence of
consecutive operational steps.
Basic operational modes
We consider three frequently used operational modes. These are the
concentration mode (C), the constant-volume dilution mode (CVD), and the
variable-volume dilution mode (VVD). They differ from each other in the
utilization of wash-water.
In concentration mode, no wash-water is introduced into the feed tank,
thus resulting in a continuous volume decrease of the feed.
In CVD, the feed volume is kept constant by continuously adding a diluant
at a rate equal to the permeation rate. We point out, that although we use
the term diafiltration in a wider context, very often this single operation
mode (e.g. CVD) is identified as diafiltration in the literature.
The VVD is an operation mode in which fresh water is continuously added
to the feed tank at a rate that is proportional but less than the permeate
flow. This causes a simultaneous concentration of macrosolute, and removal
of microsolute. This operation has been proposed by Jaffrin and Charrier
(Jaffrin and Charrier, 1994), analyzed in some detail by Tekic´ et al. and
Krstic´ et al. (Tekic´ et al., 2002; Krstic´ et al., 2004), and recently revised by
Foley (Foley, 2006a).
Conventional diafiltration techniques
According to our terminological definition, an operation mode does op-
erate with fixed operational settings. A diafiltration process, in contrast,
is usually constructed by changing the settings of wash-water addition (i.e.
switching to another operational mode) according to a pre-defined schedule.
The three most commonly used concepts of diafiltration are as follows:
• Traditional diafiltration (TD) process involves three consecutive steps
(i.e. operational modes). First, a pre-concentration is used to reduce
2
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the fluid volume and remove some of the microsolute. Then, a constant-
volume dilution step is employed to “wash out” the microsolute by
adding a washing solution (e.g. diluant) into the system at a rate equal
to the permeate flow rate. Thus, the volume of the solution in the feed
tank is kept constant during this operational mode. Finally, a post-
concentration is used to obtain the final volume and concentrate the
macrosolute to the final concentration due to the specific technological
demands.
• Pre-concentration combined with variable-volume dilution (PVVD): This
concept is credited to Foley (Foley, 2006b). It is a two step process in
which the solution is first pre-concentrated to an intermediate macroso-
lute concentration and then subjected to VVD to reach the final desired
concentrations of both solutes.
• Intermittent feed diafiltration (IFD) is an operation mode in which the
diluant is added intermittent (Wang et al., 2008). IFD starts with a
pre-concentration step. Then, a washing solution is added into the feed
tank to set back the initial feed volume. These two steps are repeated
several times. Finally, a post-concentration step is applied to achieve
the final volume.
Another diafiltration approach has recently been introduced by Takacˇi
et al. (Takacˇi et al., 2009). Instead of a stepwise water utilization strategy,
the authors have considered the ratio of diluant flow to permeate flow as a
continuous function of the operational time. Some linear, logarithmic, and
exponential functions have been studied, and their impact on the required
diafiltration time was simulated.
Several studies have examined the different types of diafiltration tech-
niques in terms of process time and wash-water requirement (Jaffrin and
Charrier, 1994; Tekic´ et al., 2002; Krstic´ et al., 2004; Foley, 2006a,b; Wang
et al., 2002, 2008; Takacˇi et al., 2009; van Reis and Saksena, 1997; Wall-
berg et al., 2003). However, only a few works have considered concentration-
dependent rejections in the optimization procedure (Bowen and Mohammad,
1998; Kova´cs and Discacciati, 2008; Kova´cs et al., 2008). Assuming constant
rejections might lead to inaccurate simulation and subsequent optimization
results under conditions where the rejections of solutes are strongly vary de-
pending on their feed concentrations and a considerably interdependence in
their permeation occurs.
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We introduce a general method to obtain the optimal wash-water uti-
lization strategy of diafiltration. We propose a rigorous dynamical model of
the diafiltration process with concentration-dependent rejections of solutes.
Based on the model, we define a problem of optimal process operation and
rewrite it in a dynamic optimization formulation. Finally, we solve the prob-
lem and show that optimal process operation needs not to be any of the
classical methods.
2. Theory
2.1. Configuration of batch diafiltration
The schematic representation of a batch membrane filtration system is
shown in Fig. 1. In a batch operation, the retentate stream is recirculated to
M e m b r a n e
 m o d u l e
P e r m e a t e  q ( t )
R e t e n t a t e
F e e d  t a n k
P u m p
D i l uan t  u ( t )
m a x i m u m  l e v e l
m i n i m u m  l e v e l
Figure 1: Schematic representation of diafiltration settings.
the feed tank, and the permeate stream q(t) is collected separately. During
the operation, fresh solute-free diluant stream u(t) can be added into the
feed tank. The proportionality factor α(t) is defined as the ratio of diluant
flow u(t) to permeate flow q(t):
α(t) =
u(t)
q(t)
(1)
The requirement for an effective separation is the utilization of a membrane
which highly retains certain species (commonly referred to as macrosolutes)
4
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but permeable for other components (called as microsolutes). It is assumed
that the rejections of both microsolute and macrosolute are affected by the
extent to which the microsolute concentration is reduced and also to which
the macrosolute is concentrated. Analogously, the permeate flux also depends
on the actual feed concentration of both components.
2.2. Mathematical modeling
An essential stage in the development of the model is the formulation of
appropriate mass balance equations. In this section we derive the governing
differential equations for diafiltration. The change in the feed volume during
the operation is given as
dVf
dt
(t) = u(t)− q(t) (2)
In the following we assume that the diluant consists of no solutes. For mod-
eling semi-batch processes we refer the reader to our previous study (Kova´cs
et al., 2009a). Considering two solutes and a well-mixed feed tank, the mass
balance for the solute concentrations yields
d
dt
Vf(t)cf,i(t) = −q(t)cp,i(t) i = 1, 2 (3)
where cp,i(t) denotes the permeate concentration of solute i at time t. Equa-
tion (3) can be rewritten in the following way:
dVf
dt
(t)cf,i(t) + Vf(t)
dcf,i
dt
(t) = −q(t)cp,i(t) i = 1, 2
Using Eq. (2) and recalling that cp,i(t) = cf,i(t)(1 − Ri(t)), where Ri(t) is
the rejection of solute i at time t, we obtain, for i = 1, 2,
Vf(t)
dcf,i
dt
(t) = cf,i(t) [q(t)Ri(t)− u(t)] .
Thus, we have the following initial-value problems:


dVf
dt
(t) = u(t)− q(t)
Vf(0) = V
0
f
(4)
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and, for i = 1, 2,


Vf(t)
dcf,i
dt
(t) = cf,i(t) [q(t)Ri(t)− u(t)]
cf,i(0) = c
0
f,i
(5)
which describe the evolution in time of the volume in the feed tank Vf and
of the feed concentration cf,i. V
0
f and c
0
f,i denote respectively the initial feed
volume and the initial feed concentration of the solute i. An overview of the
analytical solutions of Eqs. 4 and 5 for the special cases of C, CVD, and VVD
assuming constant rejection values are reported in (Kova´cs et al., 2009b). In
many applications, the rejections are concentration-(inter)dependent quanti-
ties. In such cases, no closed form solution exists, thus, numerical techniques
are required to solve the model equations.
2.3. Membrane response
The separation behavior of the membrane can be characterized in terms
of permeate flux and solute rejections. One of the advantages of the pre-
sented modeling approach is that the design equations describing the overall
mass balance of the plant configuration are handled separately from the es-
timation methods describing the mass transfer through the membrane. The
estimation of the flow q(t) and of the rejection Ri(t) presented in Eqs. 4 and
5 can be carried out separately using the most convenient approach for the
problem at hand. Either mechanism-driven or data-driven models can be em-
ployed. Mechanism-driven models are based on a physical understanding of
the transport phenomenon. In contrast with that, data-driven models make
a direct use of the experimental data obtained from filtration tests with the
process liquor.
For further mathematical analysis, we use the filtration data from our ear-
lier work (Kova´cs et al., 2009a). We consider relations for q and R obtained
from nanofiltration experiments with the membrane Desal-DK5 separating
a binary aqueous solution at constant temperature and pressure. The pro-
cess liqueur was a test system consisting of sucrose (solute 1) and sodium
chloride (solute 2). The nanofiltration apparatus, the sample analysis, and
possible mechanism-driven and data-driven models to quantify membrane re-
sponse have been described in detail in (Kova´cs et al., 2009a). The empirical
6
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Table 1: Experimentally obtained coefficient values for R and q.
s w z
1 68.1250 10−9 7.8407 10−6 -0.0769 10−6
2 -56.4512 10−6 -4.0507 10−3 -0.0035 10−3
3 32.5553 10−3 1.0585 0.0349 10−3
4 -4.3529 10−9 1.2318 10−9 0.9961
5 3.3216 10−6 -9.7660 10−6
6 -2.7141 10−3 -1.1677 10−3
relations for q and Ri as functions of feed composition are as follows:
q = S1(c2)e
S2(c2)c1 (6)
R1 = (z1c2 + z2)c1 + (z3c2 + z4) (7)
R2 = W1(c2)e
W2(c2)c1 (8)
where S1, S2,W1,W2 are second order polynomials in c2
S1(c2) = s1c
2
2 + s2c2 + s3 (9)
S2(c2) = s4c
2
2 + s5c2 + s6 (10)
W1(c2) = w1c
2
2 + w2c2 + w3 (11)
W2(c2) = w4c
2
2 + w5c2 + w6 (12)
and s1−6, z1−4, w1−6 are coefficients that were determined from laboratory
experiments with the process solution (see Table 1).
2.4. Dynamic-volume diafiltration
The widely applied diafiltration techniques differ in controlling the quan-
tity and the duration of the diluant stream introduced in the feed tank.
During an operational mode, the diluant flow can be set to zero, or alter-
natively, it can be equal or proportional to the permeate flow rate. The
α formulation was used to illustrate the control strategies of some common
diafiltration processes by Foley (Foley, 2006b). We adopt this schematic rep-
resentation, and in Fig. 2 we show the α(t) versus time profiles for the three
conventional diafiltration processes. In TD, PVVD, and IFD, arbitrarily con-
structed schemes for water usage are applied. For example, TD process is
characterized with a sequence α(t) = {0, 1, 0} and there are two unknown
7
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0
1
α
(t)
0
1
α
(t)
				
0
1
operation time
α
(t)
PVVD
TD
IFD
dilution dilution dilution
Figure 2: Typical control profiles for traditional diafiltration (TD), pre-
concentration combined variable-dilution mode (PVVD), and intermittent feed
diafiltration (IFD) processes. In IFD, dilution is achieved by rapid mixing of the
process liquor with wash-water.
switching times at the ends of the first and the second time interval. Sim-
ilarly, PVVD process has two phases with constant α levels α(t) = {0, α1}
with variables 0 < α1 < 1 and a switching time after which the the ratio of
diluant flow to permeate flow is held constant.
It should be pointed out, that the best time-varying profile of the dilu-
ant addition needs not necessarily be one of the pre-defined profiles of TD,
PVVD or IFD. The optimal control trajectory of the diluant flow u(t) (or
equivalently α(t)) can be determined by formulating an optimization problem
subject to process model described by differential equations. The diafiltration
process, that is designed by the evaluation of the optimal time-varying profile
of the diluant flow, is referred to as dynamic-volume diafiltration (DVD) in
the rest of this paper. In this context, all conventional diafiltration processes
are specific cases of DVD.
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2.5. Definition of optimal operation
Optimality is defined as the minimization of the objective function with-
out violating given constraints. In the following, we use the processing con-
ditions and the specifications of our laboratory system for the optimization
task. However, the concept can find a general interest, and industrial prob-
lems can be handled in an analogous way. This technique can be useful to
find the optimal operational parameters of an existing membrane plant with
a defined membrane area.
2.5.1. Objective function
We assume two case problems with different cost functions:
Case A. minimization of the final concentration of microsolute concentration
at a fixed final time of operation. This can equivalently be described as
min
u(t)
JA = c2(tf) (13)
Case B. the most economical process described as minimization of a mixed
objective involving operational cost of the pump, the cost of the loss of the
macrosolute component, and the cost of the utilized dilution water. This
yields
min
u(t)
JB = k1tf + k2
∫ tf
0
cp,1(t)q(t)dt+ k3
∫ tf
0
u(t)dt
=
∫ tf
0
k1 + k2c1(1−R1(t))q(t) + k3u(t)dt (14)
The first term of Eq.14 expresses the operational cost of the pump, where
the constant k1 is a product of the power consumption of the pump and
the electricity price, which gives k1 = 7.5 kWh × 0.07e/kWh = 0.525e/h
considering our laboratory test conditions. The second term represents the
cost of the mass loss of the valuable component during the entire process.
This is calculated by integrating the permeating mass of valuable components
through the membrane over the process time. In our illustrative example,
the price of commercial table sugar was used to determine the constant k2
resulting in k2 = 0.3423e/mol. Finally, the third term is introduced to
account for the cost of the utilized diluant by integrating the permeate flux
over the process time. Here, the constant k3 = 10e/m
3 is taken as unit price
of the utilized dilution water.
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In both cases, the optimized variable is either diluant flow u(t) or the
proportionality factor α(t) tied together with relation (1). The conventional
diafiltration techniques are described best using α formulation as shown in
Fig. 2.
Traditional diafiltration process are often optimized by minimizing the
total process time. This represents an optimization problem that is a specific
case of Case B. If the cost of the mass losses of the valuable component and
the cost of the diluant are negligible, then the values used for k2 and k3 can
be set to zero. Thus, the second and the third term in Eq.14 vanish, and
Case B reduces to a time minimization problem.
2.5.2. Constraints
The initial macro- and microsolute concentrations are c0f,1 = 150mol/m
3
and c0f,2 = 300mol/m
3, respectively. The initial volume of V 0 = 0.03m3 is
to be reduced to 0.01m3 at the final time. A lower and an upper volume
threshold level is defined based on the size of the feed tank, which can not be
exceeded during the operation. A safe operation is ensured when the volume
in the feed tank is within 0.01 and 0.035m3. The dilution water is supplied
with an external pump with maximum flow-rate 1.0m3/h.
The constraints are thus given as follows
V (tf ) = 0.01 (15)
V (t) ∈ [0.01, 0.035] (16)
u(t) ∈ [0, 1] (17)
In Case A, we have defined the operation time as tf = 6h, and there
is no constraint given on the final microsolute concentration. In contrast
with that, Case B is an open final time problem. Here, the final microsolute
concentration cf,2(tf) is to be reduced to a limit value of 50 mol/m
3.
2.6. Dynamic optimization formulation
As we can see from the previous sections, the studied optimal diafiltra-
tion operation can be described as a dynamic optimization problem. If we
define states x1 = c1, x2 = c2, and x3 = V and optimized variable u(t), the
formulation for the case A is as follows
min
u(t)
JA = x2(tf) (18)
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subject to differential equations:
x˙1 =
x1
x3
[q(x1, x2)R1(x1, x2)− u] , x1(0) = 150 (19)
x˙2 =
x2
x3
[q(x1, x2)R2(x1, x2)− u] , x2(0) = 300 (20)
x˙3 = u− q(x1, x2), x3(0) = 0.03 (21)
state path constraints:
x3(t) ≥ 0.01 (22)
x3(t) ≤ 0.035 (23)
final time constraints:
x3(tf) = 0.01 (24)
and simple bound constraints on optimized variable
u(t) ∈ [0, 1] (25)
The formulation for the case B follows analogously using state x4 to trans-
form original integral cost function to Meyer form:
min
u(t)
JB = x4(tf ) (26)
where:
x˙4 = k1 + k2x1(1−R1(x1, x2))q(x1, x2) + k3u, x4(0) = 0 (27)
3. Simulation Results and Discussion
There are various methods and toolboxes suitable for solving dynamic
optimization problems. Modern numerical methods can be divided accord-
ing to a degree of approximation of the original continuous-time to a prob-
lem solvable by a nonlinear programming (NLP) tools. Two major groups
are represented by orthogonal collocation (OC) methods where both states
and control are approximated as piece-wise polynomials on finite time inter-
vals (Cuthrell and Biegler, 1987; Logsdon and Biegler, 1989; Avraam et al.,
1998) and by control vector parametrization (CVP) methods where only con-
trol is approximated and states are solved in integration loop (Goh and Teo,
11
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1988; Balsa-Canto et al., 2001; Vassiliadis et al., 1994; Fikar and Latifi, 2002;
Hirmajer et al., 2009).
Both groups have advantages and drawbacks. In general, OC produces a
larger NLP formulation and is of infeasible type, where solution is obtained
only if optimum is found. On the other side, CVP spends a large fraction of
time in solution of differential equations even for a combination of optimized
parameters that is far from the optimum. Moreover, state path constraints
are more difficult to take into account compared to OC methods.
We have applied freely available package Dynopt (Cˇizˇniar et al., 2005)
implemented in Matlab. It is based on OC methods as our problem includes
state path constraints and contains only a few differential equations.
3.1. Case A
Simulation results of DVD process are shown in Fig. 3. Minimum concen-
tration of x2(6) = 23.38molm
−3 is obtained with 3 piece-wise linear profiles.
The optimal control profile is at zero for the first part of trajectory and then
slowly increases for the rest. This is translated to the trajectory of α(t) that
is zero at the beginning and approximately equal to one after the switch.
Inspection of the volume shows that the first part of the trajectory basically
decreases the volume until it is on the lower constraint and keeps it approx-
imately constant until end of the batch. Thus, the optimal control strategy
for this problem represents a TD process with two parts: pre-concentration
followed by approximately constant-volume step until end of the batch.
We have reformulated the problem using the proportionality factor α as
the optimized variable instead of the permeate flow u so that the optimal
control trajectory can guarantee the constant volume step in a more natural
way. Slightly better minimum concentration of x2(6) = 23.13molm
−3 was
obtained with 2 piece-wise constant profiles of α.
Optimization with different fixed final times between tf = [4, 13] h con-
firms the structure of the optimal control trajectory represented by TD pro-
cess as described above. Based on this it is relatively easy to select the final
time of operation if a certain decrease of x2 at the end of the batch is desired.
3.2. Case B
Minimum value of the cost function obtained is JB = 2.65 with 3 piece-
wise constant control profiles and final time tf = 4.50 h. Results indicate
that the optimal control operation is the same as in Case A and it represents
a two-step TD process.
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Figure 3: Problem A: optimal control (top left), optimal α (top right), concentrations
(bottom left), and volume (bottom right) as functions of time
3.3. Modified problem
Conventional diafiltration processes are created involving C, CVD and
VVD. Note, that many different sequences of consecutive operational steps
can be thought as possible diafiltration concepts. Traditionally, these indi-
vidual processes were analyzed and then compared in order to determine the
optimal settings. The proposed optimization procedure eliminates the need
for that since it readily provides the overall optimal control.
In the next scenario, we have assumed a membrane with lower water
permeability. For simplicity, we have modeled this with an increase of the
parameter s6, which is now assumed three times larger compared to the
nominal case. As the membrane is less permeable, we have assumed final
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time given as tf = 50h if the case A was considered. The rejection per-
formance is left unchanged. This scenario is fictitious, however, realistic
from the point of view of an experimentalist. In practice, a great diversity
of membrane/solute/solvent systems occurs which allows us the creation of
such an arbitrary scenario for further mathematical analysis. Our intention
is to demonstrate that the optimal process operation needs not to be any of
the conventional techniques. In fact, the computed optimal control is very
sensitive to changes in the membrane performance.
Minimum concentration of x2(50) = 9.30molm
−3 is obtained with 2
piece-wise parabolic profiles and results are shown in Fig. 4. The optimal
control profile is between 4 − 5 · 10−3 for almost all time and zero in the
last 3.5 h. The trajectory of α variable no longer represents TD process. It
consists of two phases. In the first one α increases exponentially from 0.71 to
1. The switch occurs when concentration x2 no longer decreases and obtains
its minimum (about 6.30molm−3). At this instant, α is set to zero. The
volume is reduced until it satisfies the final constraint.
The same type of control profile has been obtained in the case B. An
important difference between case A and case B is that the cost function
of case B (Eq. 14) includes a macrosolute-dependent term. In our specific
solute/membrane system, however, the impact of the macrosolute loss on
the total costs is negligible due to an almost complete macrosolute rejection.
Although the optimal trajectory depends on many factors in a complex man-
ner, it can be assumed that especially in situations, where a pronounced R2
decline with increasing cf,2 occurs, different optimal controls may be obtained
for case A and case B type problems.
In this study, we have employed empirical relations (Eqs. 6–12) to repre-
sent the membrane response. Note, that the provided optimization technique
is not restricted to the analysis of this type of data-driven membrane model.
The mechanism-driven NFmodels, such as irreversible thermodynamics mod-
els (Ahmad et al., 2005; Kova´cs et al., 2009c) or electrokinetic space-charge
models (Bowen and Mohammad, 1998; Geraldes and Alves, 2008), consist
of numerous working equations and iterative solution procedures. Dynamic
optimization involving such complex equation-systems would be a difficult
task. This problem can be avoided as follows. Mechanism-driven models can
be first used to compute a set ofR and q data for the feed composition-region
of interest. Then, a curve fitting procedure can be applied to derive simple
relations in a similar form of Eqs. (6)–(12). This alternative method allows
14
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Figure 4: Modified problem A (changed s6): optimal control (top left), optimal α (top
right), concentrations (bottom left), and volume (bottom right) as functions of time
the dynamic optimization formulation of mechanism-driven models.
The here presented methodology for designing a DVD process is general
in the sense that it can be readily adopted for different solute/membrane sys-
tems without the need of major changes in the provided procedure. However,
the output of the optimization is unique for each application. The strategy
of diluant utilization depends primary on
1. the response of the particular membrane to the specific solution that
is expressed in terms of rejection Ri and permeate flow q,
2. the terms involved in the objective function (i.e. the definition of the
separation goal),
3. the numerical values of the cost factors k1, k2, and k3 in the objective
15
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function,
4. the constraints involved and their numerical values that need to be
satisfied.
Any changes in these above listed specifications may modify the output of the
optimization and lead to a different optimal control strategy. The presented
modeling approach is flexible in its application to scenarios with modified
settings and it permits rapid evaluation of the overall optimal control trajec-
tory.
4. Conclusion
We have presented a detailed mathematical model that can be used for
simulation, optimization, and control of diafiltration processes. It unifies the
existing models for classical diafiltration concepts. The model was used for
determination of optimal operation of a specific separation design problem.
Methods of dynamic optimization were employed to obtain optimal solutions.
We have shown that conventional diafiltration techniques can but need not
be optimal. The presented methodology is particularly applicable for deci-
sion makers to evaluate the optimal water utilization strategy for the given
separation design problem.
Appendix A. List of Symbols
c concentration (mol m−3)
J objective function
k coefficients of cost function as defined in the text
q permeate flow-rate (m3 h−1)
R rejection
t operation time (h)
u diluant flow-rate (m3 h−1)
x state variables (mol m−3)
V volume (m3)
Greek symbols
α proportionality factor of diluant flow to permeate flow
Subscripts
A case problem A as described in the text
B case problem B as described in the text
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d diluant
f feed
i component (i = 1 macrosolute, and i = 2 microsolute)
p permeate
Abbreviations
C concentration mode
CVD constant-volume dilution mode
CVP control vector parametrization method
DVD dynamic-volume diafiltration
IFD intermittent feed diafiltration
NLP nonlinear programming
OC orthogonal collocation method
TD traditional diafiltration
VVD variable-volume dilution mode
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